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الخلاصة
وضع نموذج للعناصر القطرية وغير القطرية لمصفوفة الزخم لتركيب النقط الكمية بتأثير وبدون تأثير المجال 
الكهربائي المسلط لمنطقتي النقط الكمية: طبقة النقط الكمية وطبقة الترطيب. تم اعتبار دالة الموجة المتعامدة المعايرة 

لطاقات طبقة الترطيب في مستوي الطبقة.
بينما كان هناك بعد محدد يعطي أعظم زخم للعناصر غير القطرية فإن العناصر القطرية تزداد مع البعد. بعض 

العناصر القطرية تزداد مع المجال وبعضها الآخر يقل. 

الكلمات المفتاحية
النقط الكمية، طبقة الترطيب، عناصر مصفوفة الزخم القطرية، عناصر مصفوفة الزخم غير القطرية.
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Abstract
Diagonal and off-diagonal momentum matrix elements of quantum dot (QD) 

structures with and without applied electric field were modeled for the structure 
layers; QD layer and wetting layer (WL). Orthogonal zed plane-wave (OPW) was 
considered for in-plane WL states. 

While there is a definite size gives maxima for off-diagonal elements, the on-
diagonal elements under applied field increases with size. Some of on-diagonal 
elements increase with field while some other decreases.

Keywords
Quantum dots, Wetting layer, Momentum matrix element.
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1. Introduction
In the past few years with the advances in 

micro-fabrication has made it possible to fab-
ricate zero-dimensional quantum dots (QDs) 
with fully controlled shape and size. QDs 
exhibit discrete energy states confine, in all 
three-space dimensions, charge carriers with 
wavelike characteristics. The study of the 
charged carriers confined in QDs has gen-
erated great expectation due to its potential 
applications in electronic and optoelectronic 
devices. The main problem in the research 
into the optical properties of QDs is to obtain 
the energy levels of the confined carriers and 
understanding it, which reflects the quantum 
size and shape effects [1]. An Ana lytical re-
lations for energy sub band calculations were 
done earlier which makes it easy to study dif-
ferent applications of these structures under 
the applied electric field. These calculations 
give good results compared with the experi-
ment and numerical calculations. More de-
tails in references [2-6].

QD structure composed of QD layer which 
is grown in two-dimensional quantum-well 
wetting layer (WL). The problem of transi-
tion between two different states takes an 
important attention in the structure have dis-
similar regions as in QD structure. It is solved 
either by considering an infinite potential QD 
region or by considering the orthogonaliza-
tion between these two types of states. The 
practical solution must consider both finite 
potential and orthogonality between different 
states.

This work deals with momentum matrix 
element of transitions in QD structure includ-
ing both WL-WL, WL-QD, and QD-QD un-
der and without applied electric field. Orthog-
onalized plane wave (OPW) is considered for 
WL-QD transitions. Relation for diagonal 
and off-diagonal elements of momentum are 
stated. Calculations of momentum are pre-
sented. It is found that WL momenta are the 
smallest ones. The effects of mediated states 
were predicted.

2. The problem of WL-QD
It is well known experimentally, and the-

oretically that QD structures contains two 
types of transitions. They are; inter dot (QD-
QD) transitions and WL-QD transitions. 
These transitions are completely different. 
It is found that WL was coupled to ground 
state (GS) via excited state (ES) through slow 
WL-QD ES transitions while QD dynamics 
are dominated by fast electron dynamics be-
tween ES and GS, i.e. inter dot transitions [7]. 
This requires a specific formulation of these 
transitions.

M. Abdullah et. al. proposed ladder plus 
Y-configuration in double QD structure under 
applied electric field [8]. In their calculation 
of momentum matrix element between WL-
QD states, the system wave function is sepa-
rated into two components for the in-plane 
and the z-components. The z-component is 
described by Airy function since the studied 
structure is under applied electric field. They 
used Bessel functions to describe the in-plane 
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wave function in the disk instead of consid-
ering the simple two-dimensional harmonic 
oscillator (SHO), as the eign function of the 
QDs, used by Malic et. al. [9] which is far 
from the practical description of QDs, be-
cause of the equi spaced distant energy states 
in harmonic oscillator, which is impossible to 
attain in growing processes of QDs.  

Although Abdullah solution [8] was good 
to solve the problem, but there is still a main 
point to be formulated. Due to the difference 
between QDs and WL, it requires the use of 
orthogonalized plane wave (OPW) for the in-
plane WL states. This work, thus, contains 
the required development. It considers the 
Bessel function in the description of in-plane 
QD states in addition to orthogonalized plane 
wave in the description of WL states. 

3. The Momentum Matrix under 
the applied electric field

3.1. Formulation of WL-QD 
transition:

In addition to inter dot transitions, WL-QD 
transitions between QD sub bands and a qua-
si-continuum WL state at higher energy were 
considered. These transitions are principal in 
the QD response. 

In the WL, the in-plane wave function can 
be represented by plane waves multiplied by 
the state due to the confinement results from 
the barrier of finite height in the perpendicu-
lar direction. For WL-QD transitions, orthog-
onality between WL-QD states is required 

which results in additional oscillations [10]. 
This situation may represented by orthogonal-
ized plane wave (OPW). The work of Nielsen 
et. al. was pioneer in this field but they, also, 
use SHO type for wave functions in QD [10]. 

In this work, for the QD wave function, the 
z-component is described by the Airy func-
tion since the studied structure is under the 
applied electric field. Then, in the QD struc-
ture the wave function is,

( ) ( ) ( ) ( ) (1)QD QDr z u rϕ ϕ ρ ζ=
  

         (1)

where ( )u r  is the periodic Bloch func-
tion. The in-plane component in the QD is 
described by the Bessel function of the first 
kind Jm (pρ), 

( ) ( ) (2)QD nm mC J pϕ ρ ρ=
                     (2)

where Cnm is the normalization constant, 
p is a constant that is determined from the 
boundary conditions at the interface between 
the quantum disk and the surrounding mate-
rial. In the WL, the in-plane wave function is 
described by the OPWs which are construct-
ed from WL wave functions in the absence of 
QDs (plane waves) defined as,

1 (3)WL WL QD QD WL
WLN

ψ ϕ ϕ ϕ ϕ 〉 = − 〉 〈  
∑  



       (3)

Where the index   refers to the QD state. 
( )WLϕ ρ  is the in-plane (x-y plane) quan-

tum well WL wave function defined by,

( ) exp( . ) (4)WL ik ρϕ ρ ρ=


                    (4)
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k ρ



 is the in-plan WL wave vector. The nor-
malization coefficient in Eq. (3) is defined as 

2

1 (5)i
WL QD WL

i
ϕ ϕΝ = − ∑

                           (5)

For both QD and WL, since there is an 
applied electric field along z-direction, their 
wave functions are assumed to be in the form 
of the Airy function. They can be written as 
[8],

[ ]

1 2

2 1 2 1

3 2 2

( ) / 2
( ) ( ) ( ) / 2 (6)

( ) ( ) / 2

C Ai z L
z C Ai D Bi z L

C Bi i Ai z L

η
ζ η η

η η

 > −


= + ≤
 + < −   

(6)

C1, C2, C3, and D1 are constants, Ai and Bi 
are the homogeneous Airy function. From 
the properties of Airy function, it is clear that 
Bi(η2) increases with increasing η2 and be-
comes infinity when η2 goes to infinity. In or-
der to make the wave function well behaved 
in the entire region, this part is not added in 
the wave function in the region z > - L/2.  
Note that, 

1/3*

1 2

1/3*

2 2

2 ( )
( )

2 ( ) (7)
( )

z

z o

m E e Fz
e F

m E V e Fz
e F

η

η

 
=− − 

  

 
=− − − 

  





               

(7)

Vo = Beff[Egw – Egd] where Beff is the band 
offset, Egw and Egd are the band gaps of WL 
and QD, respectively. F is the applied electric 
field, e is the electric charge and z is the asso-
ciated spatial coordinate. zE  is the QD energy 
in the z-direction. The total QD energy is the 
sum of zE  with the energy obtained from the 
in-plane direction where its wave function is 
described in Eq. 2. Thus, there are differences 
in the calculation of the momentum matrix el-

ement between inter dot and WL-QD transi-
tions which is taken in account.

3.2. Inter dot momentum matrix 
elements:

 Although the application of the field in the 
z-direction, the momentum matrix elements 
are assumed only at ρ

∧

 direction [11]. 
The momentum matrix element ijµ  and iiµ

for QD states i and j in addition to iWµ  for 
WL-QD transition and WWµ . For on-diagonal 
elements, iiµ , take 11µ  as an example,

( ) ( ) ( ) ( ){
( ) ( ) }

11 1 1

2
1 1 2 1 2 10 0

2

2 1 2 1 0
(8)

2 2

d d

a h

mn m m i i

im im

i i

e

C J p J p e d C A D B

e eC A D B dz d
π

µ ρ

ρ ρ ρ ρ η η

η η
π π

− Φ Φ

= 〈Φ Φ 〉

= +  

+ Φ  

∫ ∫

∫
 (8)

For off-diagonal elements, ijµ , take 12µ , as 
an example,

( ){ ( ) } ( ) ( )

( ) ( )

2
12 1 2 2 1 1 2 1 10 0

2

2 1 2 2 1 2 0

, ,

1, , (9)
2

a h

mn m n i i

i i

C J p J p e d C A z D B z

C A z D B z dz d
π

µ ρ ρ ρ ρ η η

η η
π

= +  

+ Φ  

∫ ∫

∫ (8)

3.1WL-QD momentum matrix 
elements:

For WL-QD transition, take 34µ , as an ex-
ample, this momentum matrix element can be 
written as follows,

( ) ( )

3 3
34

3
, , (10 )

j j
QD WL QD WL

j
QD WL i QD i WL

er e

e z z dz a

µ φ φ φ ρ ρ φ

φ ρ ρ φ

∧
= =

∧
=

= =

= Α Α −∫with 
3

3 3 3
2

0

1 (10 )j j j i i
QD WL QD WL QD QD QD WL

iWL

e e e bφ ρ ρ φ ϕ ρ ϕ ϕ ρ ϕ ϕ ϕ
∧

= = =

=

 = − − Ν  
∑

( )3 2
, (10 )mnj ik

QD WL m j

C e
e J p e d cρϕ ρ ϕ ρ ρ ρ= = −

Α ∫
2

3
, , , ,

0

(10 )
h

j i
QD QD mn j mn i m j m ie C C e J J d dϕ ρ ϕ ρ ρ ρ= = −∫

For WL-WL momentum matrix element,
3

2
0

1 (11)i i
WL WL WL WL QD WL WL QD

iWL

e e eφ ρ ρ φ ϕ ρ ϕ ϕ ϕ ϕ ρ ϕ
∧

=

 = − Ν  
∑

0

(12)
h

ik ik
WL WL

e
e e e dρ ρϕ ρ ϕ ρ ρ ρ−=

Α ∫
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4. The Momentum Matrix under 
the applied optical field

4.1. Inter dot momentum matrix 
elements:

Although the application of the field in the 
z-direction, the momentum matrix elements 
are assumed only at ρ

∧

 direction [12]. For 
off-diagonal elements, ijµ  which is the mo-
mentum matrix element ijµ  for QD between 
states i and j , take 12µ , as an example,

( ){ ( ) }

( )

1 2 1

2

2
12 1 20 0

2

0

cos( )

1cos( ) 13
2

z z

a h

mn m n QD QD z

z

C J p J p e d A A k z

k z dz d
π

µ ρ ρ ρ ρ

π

=

Φ

∫ ∫

∫

5. WL-QD momentum matrix 
elements

For WL-QD transition, take 34µ , as an ex-

ample, this momentum matrix element can be 
written as follows:

3

3 3
34

3 cos( ) cos( ) (14 )
z z

j j
QD WL QD WL

j
QD WL QD W z zw

er e

e A A k z k z dz a

µ φ φ φ ρ ρ φ

φ ρ ρ φ

∧
= =

∧
=

= =

= −∫
3

3 3 3
2

0

1 (14 )j j j i i
QD WL QD WL QD QD QD WL

iWL

e e e bφ ρ ρ φ ϕ ρ ϕ ϕ ρ ϕ ϕ ϕ
∧

= = =

=

 = − − Ν  
∑

( )3 2
, (14 )mnj ik

QD WL m j

C e
e J p e d cρϕ ρ ϕ ρ ρ ρ= = −

Α ∫

2
3

, , , ,
0

(14 )
h

j i
QD QD mn j mn i m j m ie C C e J J d dϕ ρ ϕ ρ ρ ρ= = −∫

6. Results and discussion
In Table 1 the diagonal and off-diagonal 

elements of momentum for the double QD 
(DQD) structures are listed. It shows that 0.1 
Debye was obtained for 0wµ . This refers to 
the effect of intermediate states in decreasing 
momentum.

Table (1): Calculated intraband and intersubband dipole moments for the structures studied under ap-
plied electric field.

1

(15)
(2)

QD
nm

h nm
ρ =
=

2

(14)
(3.5)

QD
nm

h nm
ρ =
=

(10)
WL
h nm=

1

(14.5)
(2)

QD
nm

h nm
ρ =
=

2

(13.5)
(3.5)

QD
nm

h nm
ρ =
=

(10)
WL
h nm=

1

(14)
(3)

QD
nm

h nm
ρ =
=

2

(13)
(4.5)

QD
nm

h nm
ρ =
=

(12)
WL
h nm=

1

(14)
(2.5)

QD
nm

h nm
ρ =
=

2

(13)
(4)

QD
nm

h nm
ρ =
=

(11)
WL
h nm=

1

(14)
(2)

QD
nm

h nm
ρ =
=

2

(13)
(3.5)

QD
nm

h nm
ρ =
=

(10)
WL
h nm=

Dipole

Matrix

element (Debye)

2188.32186.62301.92269.32184.800µ

2127.62125.42124.921272122.911µ

258.9250.168.6112238.522µ

47.144.535.135.54133µ
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8.75938.75658.75288.75288.7528wwµ

1485.51486.91548.31533.51488.301µ

3837.66.613.436.802µ

3734.717.821.131.503µ

170.5168.546.574.7164.812µ

6.15.73.53.95.213µ

88.986.34253.682.323µ

0.82760.88410.13580.57240.93620wµ

0.68840.73430.33060.29150.77641wµ

3.90194.22390.34972.87464.56332wµ

2.27912.36420.16341.70012.41203wµ

Fig. (1) shows the on- and off-diagonal 
momenta of transitions from each stat to all 
other states in DQD system. Fig. (1) (a) shows 
the momenta from state 0  to all other states 
where the momenta are reduced with increas-
ing the distance (in units of energy) from state 
0  to the other state. While 01µ  is on the order 

of ( 310 ) Debye, it reduced by four orders for
0wµ . Fig. (1) (b) shows a similar behavior for 

transition between state 1  and other states. 
Fig. (1) (c) and (d) shows the effect of the in-
termediate states 2  and 3  where a cross-
ing between curves was shown and the energy 
distance is not the controlling parameter here. 
Fig. (1) (e) shows the on-diagonal momenta. 
While 00µ  and 11µ  were the heighest, wwµ  was 
the smallest. The crossing was also shown for 
intermediate states 22µ  and 33µ .
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Fig. (1): Momentum matrix elements of ladder-plus-Y system: (a) transition from state 0 , (b) from state 
1 , (c) from state 2 , (d) from state 3 , (e) WL-QD transitions and (f) for diagonal elements.

Fig. (2) shows on-diagonal elements of 
momentum versus disk radius at three values 
of applied electric field F= (10, 50, 100) kV/
cm. While the momenta 00 22,µ µ  and 33µ  in 
Figs. (2) (a), (c), and (d), it is not so for 11µ  in 
Fig. (2) (b). Although the momenta 00µ , and 

11µ  are reduced under the application of high 
field, the reduction is small for 11µ . For 22µ

and 33µ , they increases under the application 
of high field. For all momenta in Fig. (2), the 
increment becomes higher for greater radius.
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Fig. (2): On-diagonal momentum matrix elements of ladder-plus-Y system for: (a) 00µ , (b) 11µ , (c) 22µ , (d) 33µ .
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Fig. (3) shows the off-diagonal elements 
versus disk radius under applied electric field. 
They shows an increment with field except 

01µ and 13µ decrease with field. The increment 
with radius is approximately linear in diago-

nal elements, it is not the case here. There is 
an exponential growth of 02µ  , 12µ , 23µ and a 
behavior of loops for 03µ and 13µ . These types 
of shapes may return to the energy sub bands 
of states results.
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Fig. (3): Off-diagonal momentum matrix elements of ladder-plus-Y system for: (a) 01µ , (b) 02µ , (c) 03µ , 
(d) 12µ (e) 13µ , and (f) 23µ .

Table (2): Calculated intraband and intersubband dipole moments.

1

(15)
(2)

QD
nm

h nm
ρ =
=

2

(14)
(3.5)

QD
nm

h nm
ρ =
=

(10)
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h nm=

1

(14.5)
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=
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h nm=
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Fig. (3): Off-diagonal momentum matrix elements of ladder-plus-Y system for: (a) 01µ , (b) 02µ , (c) 03µ , 
(d) 12µ (e) 13µ , and (f) 23µ .

Table (2): Calculated intraband and intersubband dipole moments.
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Table (2) shows an example of calculated mo-
ments at QD and WL sizes for some DQD struc-
ture. From the table, the highest momentum was 

10µ  while the lowest momenta are for WL-QD 
transitions. Of course this is because the difficul-
ty of transition between the dissimilar WL and 
QD layers. It was referred earlier to the transi-
tion difficulty between QD and other dissimilar 
layers where the bottleneck effect was consid-
ered between these different layers [13].

Conclusions
In this work, on- and off-diagonal momentum 

matrix elements of QD structure under the appli-
cation of (and without) applied electric field were 
modeled for the structure layers; QD layer and 
WL considering OPW for in-plane WL states. 

While there is a definite size gives maxima 
for off-diagonal elements, the on-diagonal 
elements under applied field increases with 
size. Some of on-diagonal elements increases 
with field while some other decreases. QD-
WL transitions have the lowest momenta. 

Known of these tramsition elements was 
important in optical, quantum opitcs, and all-
optical applications.
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Fig. (4): Momentum matrix elements of ladder-plus-Y system.
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